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PL: Propositional Logic

Jol 4l o lats
FOL: First Order Logic
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+ PLis declarative: pieces of syntax correspond to facts
+ PL allows partial/disjunctive/negated information

(unlike most data structures and databases)

+ Propositional logic is compositional:
meaning of B1,1 A P1,2 is derived from meaning of B1,1 and of P1,2

+ Meaning in propositional logic is context-independent
(unlike natural language, where meaning depends on context)

- Propositional logic has very limited expressive power (unlike natural language)
E.g., cannot say “pits cause breezes in adjacent squares” except by writing one
sentence for each square
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® Objects: people, houses, numbers, theories, Ronald McDonald, colors,

baseball games, wars, centuries . . .

 Relations: red, round, bogus, prime, multistoried . . .,brother of, bigger than,
inside, part of, has color, occurred after,owns, comes between, . ..

* Functions: father of, best friend, third inning of, one more than, end of . . .
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Constants KiwngJohn, 2, UCB,...

Predicates Brother, >, ...

Functions Sqrt, LeftLeqgOf,...
Variables x, Yy, a, b,...
Connectives A V - = <
Equality —

Quantifiers VY -
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Atomic sentence = predicate(termsq,. ... termy,)

) )

or termy = terms

Term = function(termq,..., term,)
or constant or variable
E.g., Brother(KingJohn, RichardT heLionheart)
> (Length(LeftLegO f(Richard)), Length(LeftLeqgO f(KingJo
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0 *e
* A *0 A

=S, S1ASy, S1VSy, S1=5, S & 5

E.g. Sibling(KingJohn, Richard) = Sibling(Richard, KingJohn)
>(1,2) VvV <(1,2)
>(1,2) A —=>(1,2)

).))..\.’ d..‘>‘5 Go)l.w‘d‘)—‘ olZislo ;)KOM}SQ : albewl )‘)3‘[0)4 gs"‘""x"‘e:“’ )O ) LSLQ’LJ"’B) : LJ"’)Q



Sentences are true with respect to a model and an interpretation Model
contains = 1 objects (domain elements) and relations among them
Interpretation specifies referents for

constant symbols — objects

predicate symbols — relations

function symbols — functional relations

An atomic sentence predicate(terml, . . ., termn) is true

Iff the objects referred to by terml, . . . , termn are in the relation
referred to by predicate
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Sentence se—
AtomicS =

ComplexS =

Term =
Connective =
Quantifier e
Variable
ConstantSymb
FunctionSymb  ::=

RelationSymb  ::=

JERSRNCH sa)lm\olﬂ olZislo

AtomicS | ComplexS

True | False | RelationSymb(Term,...) | Term = Term
(Sentence) | Sentence Connective Sentence | =Sentence
Quantifier Sentence

FunctionSymb(Term, . ..) | ConstantSymb | Variable

ANl V| =]+«

YV Variable | 3 Variable

A|B|---|John |O|1| ---|@| ...
F |G| --- | Cosine | Height | FatherOf | + | ...
P|Q| --- | Red | Brother | Apple | > | ---

S gre 185 1 Sl NRlp P (owdige 55 ooy oy, o
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crown

—

on head

person brother
A person
brother king JL~°

s g b (Jow

u;{sdgd d.]a.a‘) 9&
e sbpeba S50 S
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Consider the interpretation in which

Richard — Richard theLionheart
John — the evil King John
Brother — the brotherhood relation

Under this interpretation, Brother(Richard, John) is true

just in case RichardtheLionheart and the evil King John are in the
brotherhood relation in the model

s dly codlwbolil olBiils 5 S0 gra 1S ¢ Sl J38le 5 wdige ;O comy S g, 1 ey
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The semantics of First-Order Logic

(A little) more formally:
An interpretation is a pair (D, o) where
* D is a set of objects, the universe (or domain);
0 is mapping from variables to objects in D;
« CD Is an object in D for every constant symbol C;
* FD is a function from Dn to D for every function symbol F of arity n;

* RD Is a relation over Dn for every relation symbol R of arity n;

- _ o , 12
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The semantics of First-Order Logic

Let (D, o) be an interpretation and E an expression of FOL. We write
[E]? to denote the meaning of E in the domain D under the variable
assignment o.

The meaning [[t]|2 of a term ¢ is an object of D. It is inductively
defined as follows.

[z] D = o(x) for all variables =

[C]Z = CP for all constant symbols C

[F(ty,....t,)]2 = FP([t.]%,....[t.]%) for all function symbols F
of arity n

T € s < S . 13
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Consider the symbols MotherOf, SchoolOf, Bill and the interpretation
(D, o) where

MotherOfD is a unary fn mapping people to their mother
FchildOf® is a binary fn mapping a couple to their first child
o :={x+— George W Bush, y — Barbara Bush}

What is the meaning of | MotherOf (x) | according to (D, o)?

[MotherOf (z)]|E = [MotherOf]2 ([z]?) = MotherOf* (6(x)) = Barbara Bush

T € s < S . 14
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The meaning [¢]2 of a formula ¢ is either True or False.

It is inductively defined as follows.

1 = 2] 2 = True iff  [t1]% is the same as [t2]?
R(ty,....t,)]% := True iff  ([t1]%,....[t.]%) € RP

-] P .= True/False iff [p]? = False/ True

o1 V 2] P = True iff  [p1]2 = True or [p2]? = True
3z o] P = True iff  [¢]Z, = True for some o’ the

same as o except for x

T 1€ c s . 15
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The meaning of formulas built with the other logical symbols can be defined by
reduction to the previous symbols.

[p1 AN 2]Z = [—(—p1 V—p2)]Z

[p1 = 2]2 [—p1 V @22

[p1 < 25 [(p1 = w2) A (p2 = ©1)]5
[V D [-3z —¢]|D

If a sentence is closed (no free variables), its meaning does not depend on the
variable assignment (although it may depend on the domain):

[Vz 3y R(z,y)], = [Vx Iy R(z,y)]; forany o0’

T € s c S . 16
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An interpretation (D, o) satisfies a sentence ¢, or is a model for ¢,
if [©]2 = True.

A sentence is satisfiable if it has at least one model.

Examples: Vrz >y, P(x)

A sentence is unsatisfiable if it has no models.
Examples: P(z) A —-P(z), —(r=x)

A sentence ¢ is valid if every interpretation is a model for .
Examples: P(x)= P(z), z==x

@ is valid/unsatisfiable iff - is unsatisfiable/valid.

T € s c S . 17
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An interpretation (D, o) satisfies a set I' of sentences, or is a model
for I', if it is a model for every sentence in I'.

A set 1" of sentences is satisfiable if it has at least one model.

Ex: {Vzxr >0, Vexr+1>ux}

' is unsatisfiable, or inconsistent, if it has no models.

Ex: {P(x), -P(x)}

As in Propositional Logic, I' entails a sentence ¢ (I &= ¢), if
every model of I' is also a model of .

Ex: {Vx P(z) = Q(x), P(Aw0)} E Q(A10)

Note: Again, I' = ¢ iff I' A =y is unsatisfiable.

T € s c S . 18
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Sentences can be seen as constraints on the set S of all possible interpretations.

A sentence denotes all the possible interpretations that satisfy it (the models of ¢):

If o1 denotes a set of interpretations S7 and 5 denotes a set S5, then
® 1 V s denotes S| U S5,
® 1 N w2 denotes S7 M So,
® —y; denotes S\ 51,
® 1 = w2 iff S C S5,

A sentence denotes either no interpretations or an infinite number of them!

Valid sentences do not tell us anything about the world. They are satisfied by

every possible interpretation!

T € s c S . 19
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We can enumerate the models for a given FOL sentence:

For each number of universe elements n from 1 to «
For each k-ary predicate Pk in the sentence
For each possible k-ary relation on n objects
For each constant symbol C in the sentence
For each one of n objects mapped to C

Enumerating models is not going to be easy!
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Universal quantification

V¥ (variables) (sentence)

Everyone at Berkeley is smart:
Vo At(x, Berkeley) = Smart(x)

YV ax P is true in a model m iff P is true with x being
each possible object in the model

Roughly speaking, equivalent to the conjunction of instantiations of 7

(At(KingJohn, Berkeley) = Smart(KingJohn))
A  (At(Richard, Berkeley) = Smart(Richard))
AN (At(Berkeley, Berkeley) = Smart(Berkeley))
A\

- _ o , 21
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Typically, = is the main connective with ¥
Common mistake: using A as the main connective with V:

vV X At(x, Berkeley) A Smart(x)

means “Everyone is at Berkeley and everyone is smart”

- _ o , 22
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Existential quantification

d{(variables) (sentence)

Someone at Stanford is smart:
dx At(xz, Stanford) A Smart(x)

dx P is true in a model m iff P is true with x being
some possible object in the model

Roughly speaking, equivalent to the disjunction of instantiations of P

(At(KingJohn, Stanford) A\ Smart(KingJohn))
VvV  (At(Richard, Stanford) N Smart(Richard))
VvV  (At(Stanford, Stanford) A Smart(Stanford))
V

T e - o . 23
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Typically, A is the main connective with 3
Common mistake: using = as the main connective with 3:
3 X At(x, Stanford) = Smart(x)

IS true if there Is anyone who is not at Stanford!

- _ o , 24
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Vax Yy isthe sameasVy Vo (why?)
dx dy is the same as Jy Jx  (why?)
Jdax Yy is not the same as Vy dx

dx Vy Loves(x,vy)
“There is a person who loves everyone in the world”

Vy dx Loves(x,vy)

“Everyone in the world is loved by at least one person”
Quantifier duality: each can be expressed using the other
Vax Likes(x,lceCream) —dx —Likes(x, [ceCream)
dx Likes(x, Broccoli) -V x —Likes(x, Broccoli)

T 1€ as c o . 25
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Brothers are siblings
Vx,y Brother(xz,y) = Sibling(x,y).

“Sibling” Is symmetric

Va,y Sibling(x,y) < Sibling(y,x).

One’s mother is one’s female parent

Va,y Mother(z,y) < (Female(x) N Parent(z,y)).
A first cousin is a child of a parent’s sibling

Va,y FirstCousin(x,y) < dp,ps Parent(p,z) A Sibling(ps,p) A
Parent(ps,y)

T 1€ as c o . 26
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termi = terms is true under a given interpretation
if and only if term and termso refer to the same object

Eg, 1=2andVaxz x(Sqrt(x),Sqrt(x)) = x are satisfiable
2 =2 s valid

E.g., definition of (full) Sibling in terms of Parent:

Va,y Sibling(x,y) < [~(r=y)Adm,f -(m=f)A
Parent(m,x) N\ Parent(f,x) A Parent(m,y) N\ Parent(f,y)]

- _ . _ 27
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wdloy F el amane plas 1 Lasl «eoll glaoles ™

Lode 5555 eo0g ol mase (Lis ) e alal) ¢ Jgeome slaoles ™
(LeftlLeg)ce b ol Jlin amaane lis 1) xolgs ¢l slasles ™
X,¥Y,a,bila, . =

—, = AV, & dhis Ll @

= igglus ®

Vv, d :ch)g.w .
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LeftLeg(John) John olasl b o> b ™

bly; sledgme g Ldl Sloe i oS 5 1 SGesl WMo @

Married(Father(Richard),Mother(John)) e ™
el 00,5 Zlgosl ol yole bo)lany, yoy .
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o s 5 oduzm Mox Slyine ibite by, 5 Seodl OMaz S 5L B

—S5,S1AS82,S51v3S2,51=52,S51<S2 =

: JLs

—Brother(LeftLeg(Richard),John) =
Brother(Richard,John) A Brother(John,Richard) =
King(Richard) v King(John) =

—King(Richard) = King(John) =

T € s c S . 30
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V<ls s> <alos>

W‘WJQXs:u;w).Q

vx King(x) = Person(x) : Jtw

s dly codlwbolil olBiils 5 S0 gra 1S ¢ Sl J38le 5 wdige ;O comy S g, 1 ey

32



SOFT9 HF
J <lo x> <alox>
P a5 aiSs s el e o)le SO P T o as AX P

1 x Crown(x) A OnHead(x , John) : ju.
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S (598 oS> 4y i V by (Lol Lol (lgins A Sl ool

s (shend (oS> &y e I b => 5l eolanl

Y IX L e W, 3XTY 5 VY IXL cl VX VY
VY IXL s o, AX VY

dX VY Loves(x,y) *®

3o Cawga |y ez 0 o ded a5 00 09z g a5 SO JElo>
Vy 3Ix Loves(x,y) =

Ao Cwga 1y ;a8 SO BBlas Los o aer @
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—3X —Likes(x , lceCream) ;,l .» VX Likes(x, IceCream) =

—EIX P ))‘ @Jb \V/X —|P
ElX —|P ))‘ p.s'b _IVX P
—|E|X —|P ))‘ W‘Q VX P

—RV’X —|P ))‘ W‘Q ElX P
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QS0 0,lil £ B SO s 0,8 g0 = 5l eolanul b

gl gl )l bl aS wuo Wb soles alox i ys s (sl

3,18 yoly g0 Plas oylu ¢ L
3x,y Brother(x,Richard) » Brother(y,Richard) * —(x=y) =
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Ngd oo adlal ils oL 4 TELL & b 5l odes ®
aagS Lol |y ol o) ™
TELL (KB, King(John)) =
TELL (KB, ¥x King(x) => Person(x)) =

w0 oo ploul il oL 51, slaloles ASK 5l eolacnl L ®
Sy0 ol o L Lol oy o] ™
ASK (KB, Person(John)) =
ASK(KB , 3x Person(x)) =

Tl SOl G 0929 e o by il o]
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Sl 3,3 J\ Coge Alg 0,8 2 ole ™
vm,c Mother(c) = m < Femail(m) ~ Parent(m,c) =

Sl 08 ] S i pua )3 0 j050
vw,h Husband(h,w) < Male(h) » Spouse(h,w) =
ditwd sploie sl ail (og Eige g Sde ®
VX, Male(x) < —Female(x) =
Vvp,c Parent(p,c) < Child(c,p) =
Sl 9,8 50 cpally pally Synele b S5 0 ®
vg,c Grandparent(g,c) < dp Parent(g,p) » Parent(p,c) =
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Vs Set(s) < (s ={}) v (Ix,s2 Set(s2) A s = {Xx|s2})
—3x,s {X|s} = {}

VX,S X € S < s = {X|s}

VX,sX € S< [3y,s2} (s ={y|s2} A(X =Y v X € S2))]
Vsl,s2sl cs2 < (VXX € S1 = X € S2)
Vsl,s2(sl=52)< (sl cs2As2csl)

vX,81,52X € (S1 nS2) < (X € S1 AX € S2)

VX,81,52X € (S1uUuS2) <= (X e SlvXes2)
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P pr pr | f(py,prpr)

N '

A '

' Yoo Vo f(pypespr) = (0o Apy Ape) V (py A =y Ape) V(py A Py A —pr).
\ e s '

\ L \

\ AR \

Yooy ) .
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A= (B— A)
Ol Caw )0 Ao Lol 38 31 ST plas ™ AANB — A X
A= AVB ¥
——A ¢ A ¥
(A= (B> C) o (A= B) > (4 C)) -0
A= (B—AAB) .5
AANB—SC A= (BoC) .
(AVB)A=A— B .A
A= (BA-B) = —A .4
(A= B) = ((C = B) = (AV.C = B)) .+
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